Abstract-The construction of large-scale, low-latency networks becomes difficult as the number of nodes increases. In general, the way to construct a theoretically optimal solution is unknown. However, it is known that some methods can construct suboptimal networks with low-latency. One such method is to construct large-scale networks from optimal or suboptimal small networks, using the product of graphs. There are two major advantages to this method. One is that we can reuse small, already known networks to construct large-scale networks. The other is that the networks obtained by this method have graphtheoretical symmetry, which reduces the overhead of communication between nodes. A network can be viewed as a "graph", which is a mathematical term from combinatorics. The design of low-latency networks can be treated as a mathematical problem of finding small diameter graphs with a given number of nodes ( called "order" ) and a given number of connections between each node ( called "degree" ). In this paper, we overview how to construct large graphs from optimal or suboptimal small graphs by using graph-theoretical products. We focus on the case of diameter 2 in particular. As an example, we introduce a graph of order 256, degree 22 and diameter 2, which granted us the Deepest Improvement Award at the "Graph Golf" competition. Moreover, the average shortest path length of the graph is the smallest in graphs of order 256 and degree 22.
I. INTRODUCTION
In mathematics, graph theory is the study of graphs, which are mathematical objects obtained by abstraction of networks. A graph G is a network which consists of a set of vertices V and of edges E. Nodes and connections between nodes are translated to vertices and edges respectively. Two distinct vertices u and v of G are connected to each other if and only if (u, v) ∈ E. In this case, we say that u and v are adjacent and use the notation u ∼ v. For example, let V be a set of (i, j) such that i = 0, 1 and j = 0, 1, . . . , 4, and let E be a set of ((i, j), (k, l)) such that if i = k then j = l ± 1 mod 5 or if i = k then j = 2l mod 5. The graph of the given V and E is called Petersen graph as shown in Figure 1 . We can study networks by modeling them as graphs and formulate various problems in terms of graph theory. For example, the traveling salesman problem, the four color theorem, the max-flow mincut theorem and the shortest path problem are well known The diameter of Petersen graph is 2. Let us turn to some other famous examples of graphs. Let V be vertices of the ndimensional hypercube over a field such that each component is 1 or 0, and the vertices x and y in V are adjacent if and only if 1 or −1 appears just once in the components of x − y, and other components of it are 0. This graph is called an n-dimensional hypercube graph, which is of N = 2 n , ∆ = n, D = n. Let V be (Z/mZ) n such that m > 2, and two vertices x and y in V are adjacent if and only if 1 or m − 1 appears just once in the components of x − y, and other components of it are 0. This graph is called an n-dimensional torus grid graph, which is of N = m n , ∆ = 2n, D = n[m/2] where this bracket is gauss's symbol. These two examples are graphs obtained by abstracting known topological structures. On the other hand, we can also construct graphs directly by using algebraic methods. Let L be a set of distinct t labels and let the vertices V be L n . The vertices (a 1 , a 2 , . . . , a n ) and [2] . The order, the maximum degree, and the diameter are important indices for measuring the efficiency of connections between vertices of a graph. If a graph of given diameter and maximum degree has more vertices, we consider it as a more efficient network. This claim can be rephrased into two other forms. One is that a graph of given order and maximum degree is more dense if its diameter is smaller. The other is that if the maximum degree of a graph of given order and diameter is smaller, the distribution of the edges is more efficient. These claims correspond to three optimization problems; the degreediameter problem, the order-degree problem and the orderdiameter problem. The degree-diameter problem is to find the largest possible number of vertices in a graph of given degree and diameter [3] . Of the above three, this is the most attractive to mathematicians. A table of a lower bound of the largest possible number of vertices with given degree and diameter is available online at the Combinatorics Wiki website [4] . The order-degree problem is to find graphs with the smallest diameter in graphs of given order and degree. This problem can be applied for designing of law-latency networks, but a table similar to the degree-diameter problem has not been constructed as of yet. Only a very small table is available online at the Graph Golf website [5] . The order-degree problem is to find graphs with the smallest maximum degree in a graph of given order and diameter. Unfortunately, this problem has been somewhat overlooked compared to the others. These three problems are strongly interrelated. Therefore we can use the best-studied degree-diameter problem in order to study the others. In what follows, we review the degree-diameter problem and two methods for constructing graphs of diameter 2 for the order-degree problem. One is Brown's construction, which was originally introduced by W.G. Brown [6] and later generalized by the co-author [7] of this paper. The other is graph-theoretical product known as star product [3] , [8] . This allows us to introduce the graph of order 256, degree 22, and diameter 2. Moreover, the average shortest path length of the graph is the smallest in graphs of order 256 and degree 22, where the average shortest path length ASP L is defined as follows;
II. THE DEGREE-DIAMETER PROBLEM As mentioned above, the degree-diameter problem is to find the largest possible number n ∆,D of vertices in a graph of given degree ∆ and diameter D [3] . If G is a graph with degree ∆ and diameter D, then we get
where |G| is the number of vertices of G. The right hand side of the above inequality is called Moore bound. The graph whose order equals Moore bound is called Moore graph. In the case of D = 2, Moore graph can exists when ∆ = 2, 3, 7, 57 [9] . In fact, if ∆ = 2, 3, 7, then Moore graphs are a pentagon, Petersen graph, Hoffman-Singleton graph respectively. It is not known whether Moore graph exists if ∆ = 57. In the case of D ≥ 3, Moore graph is a cycle graph of length 2D + 1 [10] . Some general lower bounds of n ∆,D are known( see [3] ). For example, if ∆ is an even number, the undirected de Brujin graph gives a lower bound of n ∆,D ; Brown' s Construction, which we will discuss in more detail later on. As mentioned above, the hypercube graph, the torus grid graph, and the de Brujin graph are very simple and easy to construct, but these graphs are not close to suboptimal. Thus, when we want more dense or more efficient graphs, these simple graphs are not suitable. In order to construct more dense or more efficient graphs, there are roughly two ways; either by a deterministic mathematical construction, or by searching suboptimal graphs using computers. Furthermore, a deterministic mathematical construction can be divided into two ways. One way is to construct graphs with more vertices from scratch. The other is to construct graphs from small, already known suboptimal graphs.
A. The case of diameter 2
For the case of diameter 2, Brown's construction [3] , [6] gives suboptimal graphs. This construction gives a graph for each q which is a power of a prime. Let F q be a finite field. Brown's construction gives the graph B(F q ) where the vertices are lines in F 3 q and two lines are adjacent if and only if they are orthogonal. It follows that;
The degree of each vertex of B(F q ) is q + 1 or q. The reason of D(B(F q )) = 2 is that for all two vectors x and y there exists a vector z orthogonal to x and y even in finite vector spaces. Therefore, for ∆, if a power of a prime q exists such that ∆ = q + 1, we get
Among q 2 + q + 1 vertices, q + 1 vertices are of degree q and q 2 vertices are of degree q + 1. If q is a power of 2, there exists the graph of N = q 2 + q + 2, ∆ = q + 1, D = 2 [12] . Therefore, if ∆ is a power of 2, we have
For the remainder ∆, we get suboptimal graphs by duplicating the vertex of the graphs obtained by Brown's construction [3] . For any > 0 there exists a constant c such that, for any ∆ the following holds;
For the case of diameter 2 with large maximum degree, the graphs obtained by Brown's construction are the best suboptimal graphs among already known graphs. Let us turn to another graph-theoretical technique known as star product, which was introduced by Bermond, Delorme and Farhi [3] , [8] . Let G 1 , G 2 be graphs. We fix an arbitrary orientation of all edges of G 1 and let E be the corresponding set of the fixed arrows of G 1 . For each arrow (u, v) ∈ E, let φ(u, v) be a bijection on the set V (G 2 ). The vertex set of the star product
v).
Using this product, we can construct some efficient graphs. For example, we can construct the graph that gives the exact lower bound of order for ∆ = 6, D = 2. The exact lower bound for ∆ = 6, D = 2 is 32, namely n 6,2 = 32. Let the graph G 8 of order 8 be as follows; V = {(0, 0), (0, 1), (1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (2, 2)} and (i, j), (k, l) in V be adjacent if and only if (i, k) in {(0, 1), (1, 0), (2, 2)}, or if (i, k) = (1, 2), (2, 1) then j = l. G 8 is of order 8, degree 8, and diameter 2 as shown in Figure 2 . Let K n be a n-complete graph, where each vertex is connected to all other vertices. The vertices of K n is labeled by natural numbers, namely V (K n ) = {0, 1, . . . , n − 1}. Let E be {(k 1 , k 2 )|k 1 < k 2 } and φ be defined as follows;
Then we get the star product K n * φ G 8 with φ, which is of order 8n, degree n + 2 such that if n ≥ 3, the diameter is 2. When n = 4, the K 4 * φ G 8 is the optimal graph of order 32 for the degree-diameter problem of ∆ = 6, D = 2.
III. THE ORDER-DEGREE PROBLEM
The order-degree problem is to find the graph with the smallest diameter in graphs of given order and degree. As mentioned above, the order-degree problem is correlated strongly with the degree-diameter problem. In fact, for given degree ∆ and diameter D, the optimal graph G for the degree-diameter problem is also optimal for the order-degree problem of order |G| and degree ∆. If G is not optimal for the order-degree problem, then there exists the graph G of order |G|, degree ∆ and diameter D < D. Thus, we get G of order |G| + 1, degree ∆ and D + 1 ≤ D by inserting one vertex into an arbitrary edge of G . This contradicts the assumption that G is the largest graph of given degree ∆ and diameter D. Therefore, the already known suboptimal graphs for degree-diameter problem seem to be suboptimal for order-degree problem. However, the order of optimal or suboptimal graphs of the degree-diameter problem does not cover an arbitrary order. For example, the facts of n 6,2 = 32 and n 7,2 = 50 implies nothing more than that if 33 ≤ |G| ≤ 49 and D = 2, then ∆ ≥ 7, or if 33 ≤ |G| ≤ 49 and ∆ = 6, then D ≥ 3. Namely, the graphs obtained from the degree-diameter problem cover a very limited number of pairs of order and degree for the order-degree problem. Thus, we have to construct graphs for missing pairs of given order and degree. As well as the degree-diameter problem, there are roughly two deterministic ways to construct graphs; to construct graphs from scratch or from already known small graphs. We introduce two ways corresponding to them; generalized Brown's construction and multiple star product, which are the generalization of Brown's construction and star product respectively. Using multiple star product, we construct the graph of order 256, degree 22, and diameter 2.
A. Generalized Brown's Construction
We give a generalization of Brown's construction [7] by replacing a finite field F q with a finite commutative ring R with unity, in particular Z/nZ. The vertices V (B(R)) is defined as follows; Moreover if R is a quotient of any Euclidean domain, then the diameter of B(R) is 2. When R = Z/nZ, there exist prime numbers p i and natural numbers k i > 0 such that n = i p i ki , and it follows that;
Therefore, for given order N and degree ∆, if there exists a natural number n ≥ 2 and δ ≥ 0 such that N = |B(Z/nZ)|+δ and ∆ ≥ ∆(B(Z/nZ)) + δ, then we have the graph of order N , degree ∆ and diameter 2 by δ times duplicating vertices of B(Z/nZ) and adding some edges. We omit the proof of the above discussion because the details will appear in our next paper [13] .
B. Multiple Star Product
Let us construct the graph of order 256, degree 22, and diameter 2. It was necessary to develop a novel method for the construction of this graph because it could not be obtained by generalized Brown's construction nor by the ordinal star product. For example, the order of K 32 * φ G 8 is 256 = 32 × 8 with an arbitrary φ but the degree is 34 = 31+3. We introduce the new concept of m-multiple star product. Let G 1 , G 2 be graphs. We fix an arbitrary orientation of all edges of G 1 and let E be the corresponding set of the fixed arrows of G 1 . For each arrow (u, v) ∈ E, let ψ(u, v, l) be a bijection on the set V (G 2 ) where l = 0, 1, . . . , m − 1. Then the vertex set of the multiple star product G 1 * ψ G 2 with ψ is V (G 1 ) × V (G 2 ), and the vertex (u, v) is adjacent to (w, x) if and only if either u = w and (v, x) is an edge of G 2 , or (u, w) is in E and there exists l such that x = ψ(u, w, l)(v).
We take K a , K b * φ G 8 as G 1 , G 2 respectively, according to the definition of φ as seen in the previous section. Let E be {(l 1 , l 2 )|l 1 < l 2 } and ψ be defined as follows;
Thus, we have the 4-multiple star product
It can be easily shown that the order and the maximum degree of the graph is 8ab and 4a + b − 2 respectively. We have to prove the remaining property that the diameter of the graph is 2.
Proposition. The following equation holds.
Proof. The strategy of this proof is straightforward; traveling from one arbitrary vertex to any other takes two steps at most. We show that, for all
Additionally, let G be a graph and S, T ⊂ V (G), we use the notation S ∼ T if and only if for all s in S there exists t in T such that s = t, s ∼ t, and for all t in T there exists s in S such that t = s, t ∼ s. Using this adjacency of subsets of vertices, for example that C ∼ D holds in G 8 . We use the further notation (l, k, S) = {(l, k, s)|s ∈ S}. For k 1 = k 2 , the following holds;
where ∼ ψ and ∼ φ are the adjacencies that results from by ψ and φ respectively. For example, (l 1 , k 1 , A) ∼ ψ (l 2 , k 1 , C) means that for all a in A there exists c in C and a natural number n ≤ 3, ψ(l 1 , l 2 , n)((k 1 , a) = (k 1 , c), and for all c in C there exists a in A and a natural number n ≤ 3,
It is clear that the diameters of these graphs K a * ψ (K b * φ G 8 ) are the smallest in graphs of order 8ab and degree 4a + b − 2. Moreover, the average shortest path lengths of the graphs are the smallest in graphs of order 8ab and degree 4a + b − 2 because the graphs are regular graphs and the diameters of these are 2, where "regular" means that all degree of a vertex is the same. The percentage of the order of the Moore bound is as follows; 8ab (4a + b − 2) 2 + 1
If 4a = b, then the percentage is greater than 50%. When a = 4 and b = 8, we get K 4 * ψ (K 8 * φ G 8 ), which is the graph of order 256, degree 22 and diameter 2.
IV. CONCLUSION
We overviewed the degree-diameter problem, which has been best-studied, and showed two deterministic ways to construct graphs of diameter 2 for the order-degree problem. In the first way, we can construct low hop-count graphs for infinite number of pairs of order and degree, with graph-theoretic symmetry. In the second way, we can automatically obtain large-scale graphs from smaller graphs. The order and degree of graphs obtained by these methods are limited to a set of values that satisfy specific relations. Searching for appropriate graphs using the computer has some merit because it can construct graphs for all pairs of order and degree. This method is suitable for large diameter graphs because deterministic methods for such cases are not well known. But computerbased research has a disadvantage that, as the vertices of graphs increase, searching and calculation of graphs become harder and less time efficient. Therefore, these two methods for the construction of graphs have to be studied and developed simultaneously. Similarly to the degree-diameter problem, it is necessary to create the table of greater bounds for the orderdegree problem, which has been somewhat overlooked in the field. We are planning to make such a table available online in the near future.
